Abstract. Let C be a variety of finite groups. We use profinite Bass-Serre theory to show that if u : H ֒→ G is a map of finitely generated residually C groups such that the induced mapû :Ĥ → G is a surjection of the pro-C completions, and G has more than one end, then H has the same number of ends as G. However if G has one end the number of ends of H may be larger; we observe cases where this occurs for C the class of finite p-groups.
Introduction
A property of finitely generated, residually finite groups is said to be profinite if it is preserved among groups with the same profinite completion. Understanding which properties are profinite amounts to understanding what the profinite completion of a residually finite group tells you about the group, and there has been a lot of recent work in the area, e.g. [12] , [9] , [14] .
The number of ends of a finitely generated group is always 0, 1, 2 or ∞, and this provides an important division in classifying finitely generated groups. While 0-ended obviously coincides with finite and 2-ended is easily seen to be virtually cyclic, a theorem of Stallings precisely describes those groups with infinitely many ends [20] . The theorem is proved by invoking the theory of group actions on trees (see for example [19] for an introduction to this subject).
Analogous to the discrete case and the theory of groups acting on trees, there is a theory of profinite groups acting (continuously) on profinite trees. The groundwork of this theory has been developed, principally by Ribes and Zalesskii [17] , [16] .
Date: March 2012. 1 We use this profinite Bass-Serre theory to prove (Theorem A, below) that when an injection u : H ֒→ G of finitely generated, residually finite groups induces a surjection of profinite completions, then a splitting of G over a finite subgroup can be used to construct such a splitting of H, and hence if G has more than one end then H must also. Thus having infinitely many ends is a down-weak profinite property. This argument is general in that it extends to the case where the groups are residually C and the completion taken is a pro-C completion, for C any extension-closed class of finite groups.
We are unable to establish whether the number of ends of a group is fully a profinite property. However, we show via an example from the theory of parafree groups that having infinitely many ends is not a pro-p property, or even an up-weak one; hence any argument that it is a profinite property could not be made generic. That having more than one end passes via pro-C equivalence from an ambient group to a subgroup but not vice-versa may be thought of as loosely analogous to the fact that a subgroup of a free group is free (whereas a supergroup of a free group need not be free).
Theorem A. If C is a variety of finite groups ( i.e. a class closed under taking subgroups, quotients, and extensions), then having more than one end is a down-weak pro-C property. However for any prime p, having more than one end is not an up-weak pro-p property, even among finitely presented groups.
The Rips construction is an algorithmic method which takes a finitely presented group Q as input and outputs a short exact sequence 1 → N → G → Q → 1, where N is finitely generated and G is a hyperbolic small-cancellation group. More recent variations on the construction offer further control over N or G. In particular, Wise produced a version in which G is residually finite [21] (and Wilton and I showed that it is in fact conjugacy separable [9] ). On the other hand, Belegradek and Osin [4] exhibit a version of the Rips construction where N may be taken to be a quotient of an arbitrary non-elementary hyperbolic group. We investigate whether these two versions may be reconciled. It seems that the methods used to prove residual finiteness have no hope of being applied to a variation which gives such broad control over N. This raises the question of whether there is a genuine obstruction to G being residually finite.
We apply the Belegradek-Osin version, taking N to have property (T), to a suitable pathological group Q, so as to exhibit a hyperbolic group G. Either G is not residually finite, which would be interesting in its own right, or the inclusion N ֒→ G induces an isomorphism of profinite completions, but N has properties (T) and (FA) whereas G does not. Hence:
Theorem B. Either not every Gromov hyperbolic group is residually finite, or neither of the following are up-weak profinite properties: property (FA); property (T).
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Preliminaries
Definition 2.1. Two finitely generated residually finite groups are said to be profinitely equivalent if their profinite completions are isomorphic (a priori as topological groups, but by a result of Nikolov and Segal [15] this is the same as being abstractly isomorphic). A property of finitely generated residually finite groups is called a profinite property if it can be detected in the profinite completion, i.e. if a group G has the property then so does every group profinitely equivalent to G.
Observe that profinite equivalence is indeed an equivalence relation. Some authors talk about the equivalence class of G in this sense (possibly restricted to groups in a given class C). This is known as the genus of G (in C).
In the cases we consider in this paper we will generally know not just that there is an abstract isomorphism between the profinite completions of two residually finite groups, G and H, but that there is an explicit homomorphism u : H → G such that the induced mapû :Ĥ →Ĝ is an isomorphism of the profinite completions. Indeed in this case, since H is residually finite it injects into its profinite completion, and hence u is also an injection. It is not a priori obvious that there is room for difference here: Grothendieck asked whether u itself must be an isomorphism if H and G are finitely presented, but this question was answered in the negative in [6] . We will also be interested in cases where u is an injection andû is surjective (but not necessarily injective). We make two more definitions. Definition 2.2. A property P of discrete groups is said to be an upweak profinite property if whenever there exists a map of residually finite groups u : G ֒→ H such that the induced mapû :Ĝ →Ĥ is an isomorphism of the profinite completions and G has P , then H must also have P . Definition 2.3. A property P of discrete groups is said to be a downweak profinite property if whenever there exists a map of residually finite groups u : H ֒→ G such that the induced mapû :Ĥ →Ĝ is an isomorphism of the profinite completions and G has P , then H must also have P .
The use of the word weak reflects the fact that any profinite property automatically satisfies these weaker conditions. The further labels refer to whether the property is passed from the subgroup up to the ambient group, or from the ambient group down to the subgroup.
Any of these terms may also be used in the context where we care not about arbitrary finite quotients, but finite quotients in a certain class C. In this case we replace the word 'profinite' with 'pro-C' wherever it appears, so a pro-C equivalence means an isomorphism between pro-C completions, etc. We will chiefly concern ourselves with the cases where C is the class of all finite groups or the class of finite p-groups (pro-C has special names in these cases: profinite and pro-p respectively).
2.1. Ends of groups and Stallings' Theorem. The number of ends of a finitely generated group is an important geometric property, and the following theorem of Stallings [20] translates this into algebraic structure.
Theorem 2.4.
A finitely generated group G has more than one end if and only if it splits nontrivially as an amalgamated free product or HNN extension over a finite subgroup.
2.2.
Profinite Bass-Serre Theory. We recall some basic definitions and facts from the theory of profinite groups acting on profinite trees, as developed by Ribes and Zalesskii. Details of this background material may be found in [16] , [17] , or [22] .
Recall that a profinite graph Γ is an inverse limit of finite graphs. It is connected if each of its finite quotients is connected, and its profinite fundamental group Π 1 (Γ) is the group of deck transformations of its profinite universal coverΓ (satisfying an appropriate universal property among connected Galois covers of Γ). We say that Γ is a (profinitely simply connected) profinite tree if Π 1 (Γ) = 1.
If a profinite group G acts continuously on a profinite tree T with finite quotient Γ then there is (analogously to the abstract case) a profinite graph of groups G over Γ where the vertex and edge groups are isomorphic to the stabilizers of the corresponding vertices and edges in T ; in this case Π 1 (G) is isomorphic to G. Similarly, associated to a finite 1 graph of profinite groups is a profinite tree on which the fundamental group acts. As in the discrete case, each closed subgroup has a minimal invariant subtree (see Lemma 2.2 of [17] ). The following proposition is a variation on a statement in [17] , concerning the case where C is the class of all finite groups. This more general form must be known to the experts, but I have not found it in the literature.
Proposition 2.5. Let C be an extension-closed class of finite groups. Let G be a finite graph of (discrete) groups over an underlying graph Γ, with finitely generated vertex groups, such that
the finite graph of pro-C groupsĜ C obtained from G by taking the completion of each edge and vertex group with respect to the topology induced by the pro-C topology of G.
There
is a natural map from the standard tree S associated to G to the standard pro-C treeŜ associated toĜ C . If the edge groups of G are separable in the vertex groups with respect to the topology induced by the pro-C topology on G, this map is an injection.
Proof. The first part of the proposition simply rests on the observation that the finite quotients of Π C 1 (Ĝ C ) are precisely those of G. For in each case a finite quotient is generated by the images of the vertex groups and the fundamental group of the underlying graph. By construction the possible images (in such finite quotients) of the vertex groups from G andĜ C coincide; likewise the finite quotients of the fundamental groups.
The standard tree S is built as a set of right cosets of the edge and vertex groups of G in G. SimilarlyŜ as a set is the disjoint union of right cosets of the edge and vertex groups (ofĜ C ) inĜ. The obvious map sending a coset G γ g to the cosetĜ γ g respects incidence maps and so is a map of graphs S →Ŝ. The natural requirement for this to be an injection is that the vertex and edge groups are separable in G with respect to the pro-C topology on G, or in other words that the pro-C topology on G is efficient.
Our assumption that the edge groups of G are separable in the vertex groups is a priori weaker than the efficiency of G. When the edge groups are separable in the vertex groups, however, the edges adjoining any vertex v in S have disjoint images inŜ. So the map from S tô S is locally injective. If it were not globally injective there would be some finite loops in the image. ButŜ is a pro-C tree, and in particular has no finite loops; hence separability of the edge groups in the vertex groups is sufficient to give an injection of standard trees.
Ends of groups
Let C be an extension-closed class of finite groups. We will show that having more than one end is a down-weak pro-C property. We refer the reader back to Proposition 2.5, which lets us pass a splitting of a pro-C group to a splitting of its pro-C completion. Proof. Let T be the Bass-Serre tree associated with the splitting of G given by G. As G is residually C, by Proposition 2.5 the pro-C completionĜ C of G can be recovered as the pro-C fundamental group of the completionĜ C , so the quotientĜ\T of the pro-C treeT is isomorphic to Γ. Moreover since the edge groups are separable in the vertex groups, T embeds into the pro-C treeT . As H is a subgroup of G it also acts on T , and we consider the quotient H\T . H cannot lie in the vertex stabilizer of any vertex in T , since then by continuity its closureH would also lie in the vertex stabilizer, which is absurd sinceH\T = Γ. Hence H splits nontrivially as a graph of groups.
There is some edge in this graph of groups such that by collapsing everything except this one edge we get a different nontrivial splitting of H, as the fundamental group of a graph of groups with a single edge. The existence of such an edge may be seen by an argument by contradiction.
Firstly, if the graph of groups is not a tree of groups, then by choosing an edge in a loop and collapsing the connected components at either end, we get a decomposition of H as an HNN extension, which is necessarily non-trivial. If we have a tree of groups, begin by choosing an edge. If collapsing the connected components at either end we reduce to a trivial splitting, then H is contained in one of the vertex groups of this induced splitting. Now we choose an edge in the corresponding component and repeat. There are a priori two possibilities: this process will terminate with a non-trivial splitting for H over a single edge; or it does not terminate, and (by collapsing all except the sequence of chosen edges) we get H as the ascending union of a ray of groups. But in this latter case H is inside the ascending union of the edge groups; each edge group is a subgroup of one of the finitely many edge groups of G, so H lives inside one of the edge groups, and hence one of the vertex groups, of G; a contradiction. Proof. Now, by Stallings' Theorem (Theorem 2.4), any group with more than one end splits as a graph of groups with a single edge and finite edge stabilizer. If a group G is residually-C and has more than one end, then in this splitting, the vertex group or groups are also residually-C (as subgroups of G). Being residually-C means that the trivial subgroup, and hence any finite subgroup, is separable. Thus the edge group is separable in the vertex group(s) in this splitting and Lemma 3.1 gives an embedding of the tree T associated with the splitting of G into the pro-C treeT associated with the splitting ofĜ. Since the splitting of G had finite edge stabilizers, this property carries through directly to the constructed splitting of H. Hence by Stallings' Theorem again H has more than one end.
Corollary 3.3. Having more than one end is a down-weak pro-C property. Equivalently, having one end is an up-weak profinite property.
Proof. This is just Proposition 3.2 specialised to the case whereû is an isomorphism.
Remark 3.4. It is not in general the case that H\T recovers Γ in the proof of Lemma 3.1; indeed this occurs only when H is of finite index in G, and sinceû is a surjection then H can be of finite index only when H = G.
Having two ends is the same as being virtually Z. This is not hard to detect algebraically, and is in fact a pro-C property.
Proposition 3.5. Let C be a variety of finite groups. Then having precisely 2 ends is a pro-C property.
Proof. Let H have 2 ends, and G be pro-C equivalent to H. Since H has two ends, it is virtually Z, having a cyclic subgroup H ′ 0 of finite index; replacing H ′ 0 if necessary with its normal core we may assume this is normal in H. In particular H is virtually abelian, and the closureH ′ 0 of H 0 in the pro-C completionĤ is finite index k, normal, and abelian. Let H 0 =H ′ 0 ∩ H, and H 0 =H ′ 0 ∩ G (since G is residually C it injects into its pro-C completionĜ, which coincides withĤ, so this makes sense). So G is also virtually abelian, and the index of G 0 in G equals the index of H 0 in H equals k.
As G 0 is a finitely generated abelian group, it is virtually Z n , for some n. If n = 1, G is 2-ended and we are done. If n > 1, for a contradiction we will construct a finite quotient of G which does not have a cyclic subgroup of index ≤ k, which thus cannot be a quotient of H.
Say G 0 is d-generated and of rank n. Let N be an integer much greater than k, such that the cyclic group C N ∈ C (since C is subgroup closed, there is some p such that C p ∈ C, and since it is extension closed it follows that C p m ∈ C∀m ∈ N, so such N exists). Now G 
, no cyclic subgroup has order greater than N. So G/L has order at least (N n )/k, and no cyclic subgroup of order greater than Nk. So long as n ≥ 2 and N > k 3 , it follows that G/L has no cyclic subgroup of order ≤ k, which is a contradiction.
At least in the general case, however, we cannot hope for the stronger statement that the number of ends is a profinite property or even a weak profinite property, as the following example shows.
Proposition 3.6. Having infinitely many ends is not an up-weak pro-p property for any prime p.
Proof. This is an observation based on the theory of parafree groups. Parafree groups are residually nilpotent groups having the same nilpotent quotients as a free group. It is of interest that non-free parafree groups exist. We consider the group G = a, b, c|a = [c, a][c, b] , which was shown by Baumslag to be residually p and (non-free) parafree [3] . He shows that b and c generate a free subgroup, and that their images generate any nilpotent quotient of G (and hence in particular any finite p-quotient). Hence the injection b, c ֒→ G induces an isomorphism of pro-p completions. G is one ended; if not, it would split over a finite subgroup. But G, as a one-relator group, is torsion-free. Hence we would have G as a free product. Grushko's theorem states that the rank of a free product is equal to the sum of the ranks of the free factors, hence in this case G would be the free product of a cyclic group and a 2-generator group. But 2-generator subgroups of parafree groups are free [3] , so G would be a free product of free groups, thus free, which is a contradiction. 
Producing further pathologies
There is a technique due to Rips which allows pathologies of an arbitrary finitely presented group to be translated to new pathologies of a group over which we have more control. The original Rips construction is as follows [18] . (1) N is 2-generated; and (2) Γ is a C ′ (1/λ) small cancellation group and hence hyperbolic.
Since the original version several variations have been produced. These mostly vary the properties which Γ is constrained to have, and sometimes demand more than two generators for N (but still a finite number); they may also give extra control over N.
Wise exhibited a version in which G is seen as a 1-acylindrical HNN extension of a free group, and used this characterisation to show that G is residually finite [21] ; Wilton and I subsequently showed that such groups are also conjugacy separable [9] .
It is a result due to Belegradek and Osin [4] that there is a version of the Rips construction where the left group may be taken to be a quotient of an arbitrary non-elementary hyperbolic group: Theorem 4.2. There exists an algorithm which, given as input a finitely presented group Q and a non-elementary hyperbolic group H, will output a short exact sequence
where Γ is finitely presented and hyperbolic, and N is a quotient of H.
One might hope to combine this with the version discussed above in which the central output group is residually finite and conjugacy separable, in search of further pathological groups. However, the approach to proving residual finiteness is based upon expressing the group as the fundamental group of a graph of groups, with the normal subgroup N necessarily not lying in a vertex group and thus having an action without fixed points on a tree. In Osin's construction, letting H be a group with property (FA), which is inherited under quotients, it is clear that the two versions may not easily be reconciled.
If there is a genuine obstruction here, this would be very interesting, since careful application could give us explicit examples of hyperbolic groups which are not residually finite. On the other hand, if it could be made residually finite this would allow us to construct more examples demonstrating further properties not to be profinite. Of course if any of these properties were known to be profinite, that would provide us with an obstruction to residual finiteness.
Haglund and Wise have described a further residually finite variant of the Rips construction [10] , which is known by recent work of Martino and Minasyan to be conjugacy separable [13] . This suffers similar obstructions to combination with Osin's version: in this case Γ is built as the fundamental group of a compact non-positively curved 2-complex, and acts freely on the universal cover X of this complex, which is a CAT(0) space and hence contractible [7] . By choosing H with an appropriate fixed point property, we can see that the central output group from Osin's version of the Rips construction could never have such a structure. For instance for every d > 0 one can construct a non-elementary hyperbolic group which has no action without a global fixed point on any contractible space of dimension ≤ d [2] . Taking H to be such a group for d = 2 suffices here, for if the two versions were reconciled then the free action of Γ on the 2-complex X would induce a free action of N on X, and hence an action of H on the X without global fixed point, which is a contradiction. 4.1. Direct profinite equivalence in short exact sequences of groups. If a group Γ surjects onto anything with no finite quotients, then all of the finite quotients of Γ must be surjective images of the kernel. If moreover the kernel is finitely generated and the target group is superperfect (i.e. having trivial homology in dimensions 1 and 2, with Z coefficients), this is a profinite equivalence: Proposition 4.3. Let 1 → N → Γ → Q → 1 be a short exact sequence of groups such that N is finitely generated, Γ is finitely generated and residually finite, and Q is superperfect and has no finite quotients. Then the injection of N into Γ induces a strong profinite equivalence.
Proof. This is Lemma 5.2 in [6] .
We will use this source of strong profinite equivalences by inputting an appropriate group Q to the version of the Rips construction in Theorem 4.2. Either the central group is residually finite, in which case we have a profinite equivalence and some properties not carried by it, or the central group is not residually finite, which would be interesting in its own right.
Theorem B. Either not every Gromov hyperbolic group is residually finite, or neither of the following are up-weak profinite properties: property (FA); property (T).
Unfortunately I am thus far unable to say which of these alternatives is correct.
Proof. We let P be an infinite, superperfect, finitely presented group with no finite quotients; such groups exist [5] . Now we take Q = P * P ; Q is also an infinite, superperfect, finitely presented group with no finite quotients, and additionally it acts on a tree without global fixed point. We apply Theorem 4.2 with this Q as the input group and having chosen H to be a hyperbolic group with property (T). This gives us an output short exact sequence 1 → N u → G → Q → 1 in which G is hyperbolic and N is a quotient of H, hence finitely generated and having (T) (since the latter is a fixed point property and so preserved under quotients). Note that (T) implies (FA) and that (FA) is inherited under quotients, so as Q does not have (FA), neither can G.
We assume for a contradiction that G is residually finite and that one of properties (FA) and (T) is up-weakly profinite. Since G is residually finite then so is N (as a subgroup), and so by Proposition 4.3 we would haveû an isomorphism of profinite completions. By the assumption, either (T) passes from N to G, which thus has (FA), or (FA) passes from N to G. In either case we conclude that G has (FA), which is a contradiction; thus one of our assumptions was false.
Remark 4.4. Everything in the construction here is algorithmic (see [8] ). Thus by choosing particular finite presentations for such groups P and H (which we can do!) we could produce a completely explicit finite presentation for the hyperbolic group G which would be pathological in one of the above manners.
Of course one can insert any property X in place of (T) or (FA) if it satisfies a small number of conditions: X must be inherited under quotients (this makes fixed point properties obvious candidates); there must exist a non-elementary hyperbolic group H having X; there must exist a superperfect finitely presented group Q having neither X nor any nontrivial finite quotients. In order to prove that G is a hyperbolic group which is not residually finite it would also suffice to show the (slightly weaker) statement that N having property (T) would induce property (FA) in G.
Various results are in some sense close to showing that G that is not residually finite. Properties (T) and (τ ) are not profinite [1] , [11] , but (τ ) is up-weakly profinite. 2 We cannot use (τ ) in the above argument since we need Q to be without finite quotients, so it automatically has (τ ); I cannot say whether (T) is up-weakly profinite.
Having one end is also an up-weak profinite property, but it is not preserved under quotients. The proof that it is up-weak, Lemma 3.1, almost suffices to show that property (FA) is also an up-weak profinite property: if the larger group acts on a tree T then it induces an action on the profinite treeT associated with the profinite completion of the graph of groups; so long as this action is nontrivial then by continuity the subgroup will act on T so as not to stabilise any vertex. As we showed there, it is sufficient for this that the edge groups be separable in the vertex groups. In fact the only case in which it fails is if the underlying graph of the graph of groups is simply connected and each edge group is dense in the vertex groups at which it is incident (all with respect to the profinite topology on G). In this case, the profinite graph of groups is simply labelled withĜ everywhere, andT is nothing but the underlying graph of the graph of groups, with the trivial action. Unfortunately this is precisely the situation we have in the above construction.
Further questions
We highlight two open questions. In the light of the results of Section 3 showing that having more than one end is a down-weak pro-C property for extension-closed C but not an up-weak pro-p property, it is natural to ask if we can say anything stronger when C is the class of all finite groups. Having one end corresponds to having no action on a tree with finite edge stabilizers without fixed point. A natural generalisation is property (FA), simply having no action on a tree without fixed point. We ask whether the results of Section 3 can be extended to this case: In view of the results of Section 4 a positive answer to this question would be extremely interesting, as it would imply the existence of hyperbolic groups which are not residually finite.
